JOURNAL REVIEW

Mixing in Continuous Crystallizers

The review is concerned primarily with some aspects of mixing in con-
tinuous crystallizers and recognizes the central importance of the inter-
play between the mixing and crystallization (or precipitation) processes

in the design and performance evaluation of industrial crystallizers. The
paper adopts a unifying treatment from a chemical reaction engineering
viewpoint in which the Lagrangian approach to mixing in crystallizer
systems is emphasized. The concepts of macro- and micromixing
applied to crystallization configurations have been introduced with due
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emphasis on the modeling efforts. The present state of knowledge in
various related areas of continuous mixing is assessed to help direct

future trends in research.

SCOPE

In recent years notable progress has been achieved
in applying formalized unifying chemical reaction engi-
neering principles to the analysis, simulation, and de-
sign of crystallizer configurations, but one significant
gap in our understanding of crystallization processes is
their interaction with mixing process. Using an analogy
with the mixing description conventionally used in
chemical reactors, this paper attempts to formalize the
interplay between mixing and crystallization from the

Lagrangian perspective. The mixing process is gener-
ally characterized by two distinct and independent ele-
ments, macro- and micromixing. The objectives of this
review are to report the present state of the art and to
direct further work on the characterization of mixing
and its effects on the overall performance in conven-
tional crystallizer configurations. Such a review may
help in evaluating some of the research trends in this
field.

CONCLUSIONS AND SIGNIFICANCE

The present article attempts a comprehensive treat-
ment of mixing in continuous crystallizers from the
Lagrangian perspective and has resulted in a recog-
nized and straightforward chemical reaction en-
gineering approach to the analysis of crystallization
processes. The first part of the review deals with
macromixing aspects, which covers major develop-
ments in analysis of residence time and crystal size
distributions (RTD and CSD) with particular reference
to modeling work. Clearly, CSD modeling is and will
remain a popular and central topic of crystallization
research. Both RTD and CSD studies should become
more detailed and widespread for their greater engi-
neering utility in the design, performance evaluation,
and control of industrial units.
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The second part of the review highlights the rela-
tively new and important area of micromixing, i.e., mix-
ing at the molecular scale. A small number of process
simulation studies at extreme levels of micromixing
have clearly demonstrated the enormous effects of the
micromixing level on overall crystallizer performance.
This may provide a comparatively sensitive and useful
indicator of intermediate levels of micromixing. Charac-
terization of real vessels of crystallization systems with
complex nonlinear kinetic events is of paramount im-
portance from both a theoretical and a practical view-
point. Several types of micromixing models that have
appeared in the chemical reaction engineering litera-
ture have therefore been reviewed to judge their appli-
cability to crystallizer configurations.
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Introduction

Crystallization is one of the important unit operations and is
widely used in the chemical industry for a purification, separa-
tion, and/or production step for good quality crystals. The
design, analysis, and simulation of crystallizers are of unique
and prime interest to chemical engineers. Yet the systematic
study of crystallizers is comparatively new in spite of crystalliza-
tion’s being one of the oldest unit operations used in industry.
This slow development stemmed from a lack of understanding of
the intrusion of complex physical phenomena on rate processes
occurring in a multiphase, multicomponent system. Over the
past three decades enormous advances in chemical engineering
science, which evolved from the concept of unit operations via
the more basic approach of transport phenomena, have paved
the way in analysis and performance evaluation of crystallizer
configurations.

In a rational approach to crystallizer design a solution of the
relevant conservation equations representing crystal population
and mass and energy balances, together with a description of the
kinetics of rate processes involved and definition of flow patterns
within the vessels, needs to be used. The performance of a crys-
tallizer system depends not only on the pertinent intrinsic kinet-
ics of growth and nucleation processes but also on the physical
processes occurring in the vessel. The physical processes such as
interphase and interparticle mass and heat transfer occurring
within a multiphase crystallizer configuration depend very sig-
nificantly upon the mixing characteristics of the phases in-
volved.

By analogy with the conventional description of the mixing
phenomenon in chemical reactors, the mixing process in crystal-
lizers may be divided into separate contributions of two distinct
mechanisms: macromixing (i.e., the residence time distribution,
RTD), which defines retention times of the elementary volumes,
and micromixing (i.e., mixing at the molecular level), which
describes the communication between elementary volumes.
These two contributions are independent of each other in that
definition of a state of macromixing does not define a corre-
sponding level of micromixing. As the names imply, the obvious
difference between micro- and macromixing is in the scale of
mixing that each describes. Micromixing generally includes all
aspects of mixing not defined by the RTD. Each elementary vol-
ume or clump of the fluid in a vessel has a certain age and resid-
ual life. During a process a transition from groupings of clumps
with identical ages to a grouping of clumps with identical resid-
ual life occurs, and this transition is characterized by the phe-
nomenon of micromixing.

The Lagrangian perspective is used here primarily to describe
mixing in a turbulent transport process. In such a description the
changes of the property occurring to the elementary volumes or
clumps are observed as a function of time as they progress
through the vessel. In a Eulerian analysis the property variation
is observed at a fixed point in a stationary coordinate system. It
is important to note that in the Lagrangian system the average
fluctuation of a characteristic velocity is the root mean square
velocity fluctuation of many particles averaged along their
respective particle paths; it is not a time average at a point in
space as for the Eulerian system.

The scale of the segregation is a measure of the size of the
unmixed clumps of the components, and as the clumps are
reduced in size the scale of mixing is reduced. The intensity of
segregation describes the effect of molecular diffusion on the
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mixing process. It is a measure of the difference in the concen-
tration between the neighboring clumps of fluid. Gross fluid
motion reduces the scale over which the differences exist, while
diffusion reduces the intensity of the differences. Further fluid
particles in a flow system have an attribute other than composi-
tional which can be used to characterize the mixing. This attri-
bute is called age and is the time that the fluid element, mole-
cule, Brownian particle, or any other conserved entity has spent
in the system. Characterization of mixing in terms of ages allows
a unified and elegant treatment of continuous-flow systems that
is independent of specific mixing mechanisms. This treatment is
called residence time distribution theory and is the primary
topic of the next section.

Macromixing
Residence time distribution

The concept of RTD is undoubtedly one of the most impor-
tant of the ideas used in chemical reaction engineering to sim-
plify complex situations in process vessels and to make them
amenable first to analysis and ultimately to design. It was
evolved from Danckwerts’ fundamental insight (1953) and is
based on a macroscopic lumped population balance description.
It shows both theoretical elegance and practical utility in reduc-
ing the complexities of the physical situations for flow and mix-
ing to a tractable form without discarding their essential com-
plex features. Historically, RTD analysis has played an impor-
tant role in process modeling, as evidenced by the abundance of
literature on the subject over the past three decades. The basic
concepts of RTD theory are quite simple and in most cases fol-
low directly from elementary probability theory.

Any conserved entity such as a molecule, Brownian particle,
elementary volume of fluid, or clump may be represented by the
term particle. Particles enter the system, for example, a steady-
state, continuous-flow vessel; remain in it for some period of
time, which may be either deterministic or probabilistic; and
eventually leave. In a general case a particle may make a num-
ber of temporary exits, with subsequent reentrances, but it is
required that each particle have some original, first entrance
and ultimate, final exit. Particles have zero age when they first
enter and they acquire age at a rate equal to time spent within
the system boundaries. The age of a particle at its last exit from
the system is called the residence time of the particle. The resi-
dence time in general is a stochastic variable subject to a proba-
bility distribution. The normalized density function repre-
senting the distribution of the residence times of the particles
leaving the vessel is called the dimensionless exit age distribu-
tion E or the RTD. The interrelations among the residence time
distribution, E, cumulative RTD, F, internal age distribution, 7,
and (residual life) intensity function, A, are given in Table 1.

In the absence of complete knowledge of the flow and mixing
within the vessel, an alternative approach of gaining partial
information about how long the individual particles stay in the
vessel has been adopted in RTD analysis. Such information, not
sufficient to define completely the flow configuration, is rela-
tively simple to obtain experimentally and can be interpreted
easily. The experimental technique used for finding the desired
RTD of particles in the vessel is a stimulus-response technique
using tracer material in the flow. The stimulus or input signal is
simply tracer introduced in a known manner into the feed
stream entering the test section of the vessel. The input signal
may be of any type, pulse, step, or periodic injections being the
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Table 1. Relations Between the Dimensionless Age
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most common. The response or output signal is then the record-
ing of tracer leaving the test section of the vessel. The system
itself is at steady state when the tracer is injected. If the amount
of tracer is small and does not alter the flow behavior of the sys-
tem, then even though the tracer concentration varies with time
in the system the basic steady state flow behavior of the system
itself is not changed. It is assumed that the changes occurring
within flow take place over time scales much shorter than those
associated with the macroscopic dynamics of the system. Im-
plicit in the assumption of steady state is that the residence time
probability of a particle in the system is independent of the time
of introduction into a system that exhibits both stationarity and
ergodicity.

An RTD tracer study can yield important information on the
linear physical processes occurring within the system, specifi-
cally the patterns of flow and degree of mixing among the par-
ticles that entered the system at different times. Comparison of
RTD in vessels of the same type but different sizes gives an indi-
cation of the effect of scale-up on flow properties. The stimulus-
response information is important in predicting the performance
of equipment as long as the rate for a process is linear in an
intensive property of a particle. For the proper modeling of the
performance of multiphase process configurations, the RTD’s of
the various phases involved are of vital importance.

The single most important use for RTD studies is to deter-
mine a mathematical model of a system that represents the
behavior of flow and mixing realistically enough to yield useful
information for system design and analysis. The approach gen-
erally taken is to postulate a reasonable flow model on the basis
of experimental tracer studies of the system and to correlate the
model] parameters with system properties so that the model out-
put and actual response match as closely as possible. Naturally
the closeness of the predicted response to actual tracer response
curve will depend on how well the model mirrors reality.

By analogy with chemical reactors, the simplest crystallizer
flow models from the liquid phase are the plug flow and the com-
plete mixing flow models, which represent the two extremes of
macromixing. Although no actual crystallizers can be fully rep-
resented by these idealized flow patterns, a number of crystalliz-
ers behave so closely to ideal that these models may be adopted
with negligible error. At one extreme the liquid flow pattern in a
crystallizer may be regarded as a plug flow with no longitudinal
mixing but with complete radial mixing. This is characterized
by an identical velocity and residence time of all particles within
the crystallizer. For example, the flow pattern in a Kenics static
mixer may perhaps be approximated by plug flow under turbu-
lent flow conditions. (Randolph and Rivera, 1978). The other
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extreme is a completely mixed flow characterized by a well-
defined RTD of exponentially decaying function and having
identical composition properties in the exit stream and in the
vessel contents within the crystallizer. The behavior of many
vigorously stirred tank crystallizers may closely approximate
this flow model.

A majority of actual crystallizer systems exhibit macromix-
ing behavior somewhere between the two extremes of plug flow
and ideally mixed flow, the residence time and residual life
intensity functions of which are shown in Figure 1. The devia-
tion from these two extreme cases may be caused by:

® Nonuniform liquid velocity profile

e Velocity fluctuation due to molecular or turbulent diffusion

e Short circuiting, bypassing and channeling of suspension

® The presence of stagnant regions of fluid caused by the crys-
tallizer shape and internals

® Recycling of magma within the crystallizer as a result of
agitation.

The actual crystallizer system perhaps may exhibit behavior
more closely approaching the other curves of Figure 1.

Tracer tests of a system are useful in analyzing nonideality in
flow patterns and the degree of mixing among elements that
entered the system. When the flow behavior of the vessel is close
to plug flow, the E curve would be almost symmetrical about the
mean (0 = 1 in this case) without any excessively long tail, while
the A curve would be increasing, usually rather strongly. The
spread of both curves about the mean would in general increase
with the degree of mixing or the deviation from plug flow behav-
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Figure 1. Schematic representation of characteristic re-
sponse curves.
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ior. The existence of dead space, i.e., a region in which fluid
resides for times considerably longer than the overall mean resi-
dence time of the fluid actually flowing through the system, can
be verified from the characterization of the E curve as indicated
in Figure 1. The E curve will have a very long tail, indicating
that fluid entering the dead space leaves only very slowly. The
calculated mean of the E curve with the usual cutoff point (at
6 ~ 3) may be appreciably less than the true mean (i.e., unity).
Bypassing refers to a condition in which some fluid elements
pass through the vessel much more rapidly *han others; i.e., a
fraction of the fiuid spends a time considerabuy -hc ¢ter than the
overall mean residence time of the fluid. If there is farge dead
space or significant bypassing, the distinction between the two is
not clear-cut but depends on which part of the fluid is considered
as a major part. The A can be used to identify th~ stagnancy, and
it provides a measure of the dead space and/or ~ypassing of a
system. Any particle that has resided in the system slightly
shorter than the average first-part residence timc "as a high
escape probability. However a particle that has remained in the
system for a time longer than the first residence time has a high
chance of being in the stagnant region and a lower probability of
immediate escape. Thus, for dead space the A curve should have
a decreasing portion somewhere past the vicinity of the average
residence time (# = 1) and should increase again at long time
when eventually all fluid leaves. For short times the small
amount of bypassing fluid has an increasing A. After this fluid
leaves, the remaining fluid will have a low probability until 6
approaches the vicinity of unity, when A will increase again. The
real utility of A is to determine the existence of the dead space
from the experimental data, as the A curve has time-scale invar-
iant shape characteristics and is sensitive to different flow condi-
tions. For large amounts of dead space or bypassing, the two
effects are not distinct. However, the equipment will not be
allowed to run because of poor performance under those circum-
stances.

The Laplace transform of E has often been used as a charac-
teristic function. Many manipulations turn out to be simpler
with the Laplace domain representation E than with the time
domain representation E. E, the Laplace transform of E, serves
usefully as a moment-generating function as

OE
w5 (1)

When a process is governed by linear equations the Laplace
transform can be used to obtain E, and if only the moments are
required for the parameter characterization, a difficult inver-
sion of E may often be avoided (Seinfeld and Lapidus, 1974).
Quite often the response, H(8), of the system to an arbitrary
input, @(#), may be related to the RTD, E(6), by the convolu-
tion integral as

H(9) - fo’ OWE® - 0)d§ = fo’ 0@ - 0E@)dY (2)

and the Laplace transform of a convolution integral is the prod-
uct of the Laplace transforms of the functions involved. Thus

H(p) = Q(p)E(p) 3)
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The Laplace domain formulation is useful in finding the com-
posite density function for complex flow networks having statis-
tically independent subsystems.

Flow models

Many types of flow models have been proposed to charac-
terize nonideal flow within the vessel. Again by analogy with
chemical reactors, homogeneous flow models for the liquid
phase in crystallizers may be classified:

1. Velocity profile model, for a crystallizer whose velocity
profile is rather simple and describable by a mathematical
expression.

2. Dispersion model, which draws an analogy between mix-
ing and diffusion and is a superimposition of diffusion on plug
flow.

3. Compartmental model, which consists of a series of n-per-
fect mixing compartments.

4. Mixed model, which combines mixing, short-circuiting,
and plug flow in various arrangements.

5. Circulation model, which considers various types of fluid
motions within the crystallizer.

Once the data for the RTD are obtained, the backmixing
characteristics for liquid of a crystallizer may be quantitatively
evaluated by fitting appropriate models to these data. Models
may vary in complexity. A simple one-parameter model may be
quite adequate in some instances, but a much more refined and
elaborate multiparameter model may be necessary in another
circumstance. Some models are useful in accounting for the
deviation of real stirred tanks from ideal mixed flow, others
describe the deviation of real systems such as tubular vessels
from plug flow, and still others may attempt to account for other
contacting devices. Table 2 is the very roughest outline of the
modeling efforts on the liquid phase in the crystallizers. For
proper modeling of the performance of a multiphase crystallizer,
RTD’s of all phases are of vital importance, and the distribution
of the solid phase produced needs to be considered.

The so-called stimulus-response technique involving tracer
experiments is well-known in the RTD analysis of chemical
reactors (see, e.g., Wen and Fan, 1975; Shah, 1979). Published
information about the RTD analysis of the liquid phase in a
crystallizer is relatively scanty. Grootscholten et al. (1981,
1982) attempted to characterize the RTD behavior of the main
evaporative body of a salt crystallizer by measuring the tracer
concentration response at the outlet for a step change in the cir-
culating flow at the inlet. Saturated brine was used as a tracer in
water at boiling temperature, circulated through the system,
and detected continuously by conductometers. Using the RTD
information the investigators could formulate a network model
of liquid flow in the crystallizer involving a closed loop of ideal
reactor units. Misztal et al. (1980) used the radioactive isotope
of colloidal gold in the high-pressure and high-temperature crys-
tallization of magnesium sulfate, for separation from low-con-
centration water solutions, to determine the RTD characteris-
tics. The tracer adsorbs completely on crystals of magnesium
sulfate and was detected after entry at two positions—in the lig-
uid and solid phase, respectively. Two signals received from the
probes were then used to determine the liquid-phase mixing
characteristics based on the dispersion model. Identical RTD’s
for both the phases were tacitly assumed.
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Table 2. Homogeneous Flow Models Used in Crystallizers

Model References

1. Velocity profile Juzaszek and Larson (1977)
Randolph and Rivera (1978)

2. Dispersion Skrivanek et al. (1967)
Randolph and White (1977)
Randolph and Rivera (1978)
Misztal et al. (1980)
Grootscholten (1982)
Ring (1984)
Tavare (1985a)

3. Compartmental McCabe (1929)
Roberts and Robinson (1957)
Randolph (1962, 1965)
Nyvlt and Moudry (1965)
Nyvit (1971)
Randolph and Larson (1971)
Abegg and Balkrishnan (1971)
Wolff and Larson (1971)
Tavare and Chivate (1982)

4. Mixed Bransom (1965)
Becker and Larson (1969)
Nyvit (1969, 1971)
Nyvit and Mullin (1970)
Randolph and Larson (1971)
Ramshaw and Parker (1973)
Grootscholten et al. (1981, 1982)

5. Circulation Wolff and Larson (1971)
Randolph and Tan (1979)
Nyvlt and Broul (1979)
Tavare et al. (1985b)

Crystal size distribution

Randolph and Larson (1971) recognized the central impor-
tance of crystal size distribution (CSD) in the design and perfor-
mance of industrial crystallizers, and provided as a unifying
theme the interrelationships between the CSD on the one hand
and crystallizer design criteria and operating problems on the
other hand. Since then CSD studies have been appreciated by
many researchers in the field and have become a central part of
crystallization research. The study of CSD in crystallizers of
any process configuration is in essence a study of the mean
retention probability of individual particles as a function of their

size and hence age. The authors introduced the term MSMPR
(mixed-suspension, mixed-product removal) crystallizer to rep-
resent the ideally mixed flow configuration. This crystallizer
behaves as though it were perfectly mixed; i.., in any arbitrarily
small element of volume, regardless of its location in the mixed
section of the crystallizer, a full and uniform particle size con-
tinuum is assumed to exist. Further, such a crystallizer has
unclassified product withdrawal, indicating that the same CSD
exists in the product slurry and the crystallizer contents. The
steady state CSD from a continuous MSMPR cyrstallizer hav-
ing clear feed and negligible breakage or agglomeration is given
by the solution of the dimensionless population balance equa-
tion

dyg
E+y=0 (4)
as
vglo x dx
y=—""—exp|— [ — &)
oo []

where g may be a function of x as described in Table 3.
For a size-independent growth rate the dimensionless popula-
tion density function from Eq. 5 can be derived as

y = exp (—x) (6)

or its equivalent in dimensional form as
B
n=n"exp(—L/GT) =5exp(—L/Gr) @)

Equation 7 represents the expected product CSD from an
MSMPR crystallizer satisfying the above-mentioned assump-
tions and constraints. It contains two parameters, each being
related to the system kinetics and constraints imposed. The
parameter G7 is the product of the crystal growth rate and mean
residence time of the system. The growth rate G is directly
determined by the kinetics of growth and 7 is the drawdown
time, which is known in the operating system. The parameter n°,
the population density of nucleus size crystals, may be related to

Table 3. Size-Dependent and Dispersed Growth Rate Models

Growth Rate Model Population Density Reference
l.g=1 y=exp(-x) —
s 1 —x'-? 0)
2. g=ax =-—exp|l—— Bransom (196
8 Vel — )
3.g=(1 + ax) y={(1 + ax)"(Crea/a Canning and Randolph (1967)
1 1— (1 + ax)'-?
4. g=(1 8 = Ab t al. (1968
g=(1+ax) Y= 0 tan)? p[ 21— B) egg et al. (1968)
. 2 Pe .
5. Dispersed YT eD () _)x Randolph and White (1977)
1+ 2 i Tavare (1985a)
where
y=+1 + 4/Pe
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the kinetics of the nucleation and growth. These rates derive
from the fundamental kinetic laws for nucleation and growth
and the constraints imposed on the system, i.e., system parame-
ters such as flow rate, vessel configuration, concentrations, and
energy input or removal rate. In general, for a crystallizer opera-
tion the mass and energy flows are fixed from the process
requirement, and the kinetics of nucleation and growth peculiar
to the system determine the level of supersaturation and hence
the growth rate that exists. The adjustable controls inciude the
feed concentration, rate of energy input or removal, and feed
rate.

In order to define fully the MSMPR configuration the mass
balance also should be incorporated. Thus, for a continuous
MSMPR crystallizer the rate at which the solute is depleted
from the mother liquor must be equal to the rate at which mass
is gained by the solid phase; i.e.,

3k,p.
¢ — ¢ = My = 6k,0.BG 7" = (k—”) GrAy (8)

Randolph and Larson (1971) have divided all the crystalliza-
tion systems into two types for simplification in analysis. In class
1 systems the concentration drop across the crystallizer depends
on the retention time and energy inputs; the system operates
with measurable unrelieved supersaturation, and the yield de-
pends on throughput. In class II systems the exit concentration
approaches the saturation concentration at the working temper-
ature and the per pass yield is independent of throughput. Equa-
tion 8 is valid at steady state for both class I and II systems.

By analogy with the intensity function (Naor and Shinnar,
1963) used in RTD analysis, Liu (1973) defined the crystal size
intensity function (CSIF) such that A(x) dx represents the con-
ditional escape probability of crystals at size x within the next
size increment dx in a specified unit of suspension. Figure 2
schematically represents the dimensionless population density
and crystal size intensity function for a ubiquitous MSMPR
crystallizer.

Although numerous techniques and theories have been de-
vised to measure and analyze crystal growth, and to a lesser
extent nucleation kinetics, the MSMPR crystallizer technique
with its simple exponentially decaying steady-state CSD as rep-
resented by Eq. 7 has proved the most popular means of quanti-
tatively measuring the growth and apparent nucleation rates,
Figure 2. Analysis of experimental results is simple, and the
technique has been used by many investigators (Shah and Gar-
side, 1980). The steady state operation of a continuous crystal-
lizer in an MSMPR mode requires not only complete homogene-
ity in suspension, but also isokinetic withdrawal of slurry.
Although empirical correlations exist to predict the minimum
speed for just suspending the crystals (Zwietering, 1958; Chap-
man et al., 1983) there exists no theoretical or empirical correla-
tion in the literature that needs to be satisfied for achieving com-
plete homogeneity in suspension.

Washout experiments may perhaps be useful to evaluate the
macromixing performance of suspension in the vessel. In such
experiments identical operating conditions are generally main-
tained in the vessels, and the crystallizer is fed with a saturated
solution at the operating temperature. If an arbritrary impulse
of distributed solid is charged into the continuously operated
stirred-tank crystallizer, the concentration of the solid over all
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Figure 2. Schematic representation of characteristic
curves for an MSMPR crystallizer.

the crystal sizes is
M, - f * koL dL ()

The exit concentration of the solid over the size range L and
L + dL for a perfectly mixed vessel to a delta input is the solu-
tion of the differential equation

dM(L) ML)
TR

(10)
and so is given by

M(L) = M,(L) exp (—1/7) (i1)

where M;(L) is the equivalent initial concentration of the
impulse. The overall solid concentration response, however, may
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be obtained by integrating Eq. 11 over all the size range to give
M =Mexp(—t/7) (12)

The foregoing analysis indicates that not only the overall solid
concentration but also a specific solid concentration at any size
over a small size range should decay exponentially with time,
having the same characteristic time constant for an MSMPR
type crystallizer. Equation 11 is a relatively more stringent con-
dition to achieve in practice.

Aeschbach and Bourne (1972) investigated empirically the
hydrodynamic problem of achieving homogeneous suspensions
and representative product withdrawal from a stirred tank con-
figuration and suggested that constant tip speed may be a rele-
vant scale-up criterion for homogeneous suspension. Zacek et al.
(1982) reported a rapid washout test in a mini-MSMPR crystal-
lizer using two sieve-size fractions. Results from the washout
test may also provide some description of size-classifying action
in the existing process configuration. Lieb (1973) attempted to
characterize the perfect mixing representation in a randomly
mixed suspension by using the condition of equal statistical mar-
ginal and conditional probability distribution of the crystal size.
Grootscholten (1982) conducted elegant washout experiments
at the end of the experimental run on a pilot crystallizer by oper-
ating it with a saturated brine at the operating temperature, and
used the results to characterize the classification function.
Alternatively, the comparison between the representative CSD’s
from the crystallizer contents and the product may perhaps pro-
vide similar information. It may be rather difficult and perhaps
expensive to achieve true MSMPR conditions for a large indus-
trial vessel. An MSMPR crystallizer produces product with
wide distribution.

Formalization of the population balance approach to CSD
modeling in continuous crystallizers led to an immediate burst
of activity that entailed a systematic relaxation of constraints
and assumptions used in an MSMPR configuration in order to
delineate the observed CSD and also to improve the crystallizer
performance.

Size-dependent growth rate

One of the early approaches used to interpret the nonlinear
behavior of observed product CSD on the usual population den-
sity plot, particularly in the smaller size range, was to incorpo-
rate an empirical size-dependent growth rate expression in the
population balance equations. Much of early experimental
growth rate data has been correlated in terms of size-dependent
growth rate models (Bransom, 1960; Garside et al., 1974; White
et al., 1971; Garside and Jancic, 1978; Tavare and Chivate,
1979). Several size-dependent growth rate models have been
proposed (Bransom, 1960; Canning and Randolph, 1967; Abegg
et al., 1968) for use in combination with population balance
equations in CSD modeling. Some of these models and the cor-
responding predicted dimensionless density functions in an
MSMPR crystallizer are reported in Table 3. A typical set of
dimensionless population density plots and corresponding di-
mensionless crystal size intensity functions are depicted in Fig-
ure 3. All the size-dependent models provide simple mathemati-
cal analysis without any mechanistic implication. For various
parameter choices, all of the growth rate models listed in Table
3 predict growth rates either increasing or decreasing monotoni-
cally with size; the former predicts a wider distribution while the
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Figure 3. Growth rate models (Table 3).

latter predicts a narrower distribution compared to the size-
independent case. These effects show up as concave upward or
concave downward curvature on the usual population density
plot, but it is virtually impossible to distinguish such behavior
from similar effects caused by size-dependent product removal.

Garside et al. (1976) pointed out that both the Gibbs-Thom-
son effect and the influence of bulk diffusion to the crystal sur-
face are unlikely to be important in observed size-dependent
growth kinetics, and suggested that perhaps the integration pro-
cesses taking place at the crystal surface may induce the
observed behavior. The size-dependent models have one or more
adjustable parameters in order to represent the observed non-
linear population density plot. Such an empirical description
will not have any ability to discriminate among the several
causes.

Growth rate dispersion

In order to characterize the magnitude of the growth rate dis-
persion phenomenon, Janse and de Jong (1976) assumed that
the growth rate is an independent property of a crystal, as each
crystal grows at its own constant intrinsic growth rate through-
out its life-span in an environment. They defined a two-dimen-
sional modified population density function characterized by
two independent variables, namely, crystal size and growth rate.
Such an approach should add an additional dimension to the
number-conservation equation and require an additional con-

May 1986 Vol. 32, No. S 711



straint to define the system. Usually the growth rate dispersion
in the form of a statistical distribution (e.g., by gamma distribu-
tion) has been arbitrarily used (Janse and de Jong, 1976; Lar-
son, et al_, 1982; Berglund and Larson, 1984). Such two-dimen-
sional models enormously complicate the CSD modeling and
characterization of growth rate dispersion.

Randolph and White (1977) in their modeling of growth
behavior for a crystallization system pointed out the close anal-
ogy between growth rate dispersion and axial dispersion in
chemical reactors. They added a second-order term to the popu-
lation balance of an MSMPR crystallizer under steady state
conditions and used two boundary conditions, representing the
population flux at the entrance and the asymptotic bound on the
population density. With this description they derived an expon-
ential distribution with apparently a larger mean size than
expected based on true mean growth rate and unchanged coeffi-
cient of variation. The true average growth rate may be either an
externally manipulated or a constrained variable determined
from solution of population and mass balances together with
system kinetics. Solution of the dimensionless population bal-
ance with a set of boundary conditions for the steady state
MSMPR crystallizer is also included in Table 3. Thus the wide
exponential distribution of the MSMPR crystallizer as shown in
Figure 3 is unaffected in form by addition of a growth dispersion
term. The Peclet number for crystal growth characterizes the
extent of dispersion. A higher value of Peclet number will indi-
cate a lesser dispersion effect, and the dimensionless population
density (case S, Table 3) tends to approach an MSMPR solution
(case 1, Table 3).

Inclusion of a size-dependent growth rate model in the
description of an MSMPR crystallizer would in general add a
nonlinear element in the population balance, whereas addition
of a second-order term would be required for the dispersion
effect. Although nothing is implied specifically concerning the
actual mechanism, in both descriptions the experimental evi-
dence tends to suggest that the surface integration processes
appear to be important (Garside et al., 1976; Tavare and Gar-
side, 1982a, b, ¢; Garside et al., 1984). Recently Ring (1984)
used the CSD information obtained from continuous precipita-
tion of titanium dioxide in a packed-bed crystallizer to charac-
terize the vessel dispersion characteristics. Tavare (1985a) sug-
gested that the transient tracer information from the solid phase
in a continuous MSMPR crystallizer may perhaps help solve the
characterization and/or discrimination between the two effects.
In practice, it is quite likely that both growth rate dispersion and
size-dependent growth may occur concurrently in a real system,
which would further complicate the analysis.

Size-dependent residence time distribution

In certain commercial crystallizer designs, residence times of
mother liquor and crystals are often separated to provide better
yield and /or size improvement. Fines removal, classified prod-
uct withdrawal, and double draw-off are three crystallizer con-
figurations that utilize deliberate size-dependent removal rates
to manipulate CSD. Randolph and Larson (1969, 1971) ele-
gantly modeled those configurations with the so-called R-z crys-
tallizer model, in which fines and product removal rates are
respectively R and z times the MSMPR removal rate, and
showed that these configurations can dramatically affect both
the CSD and the level of supersaturation. In general, the accel-
erated fines removal configuration produces a larger product
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with a wider distribution, while accelerated classified product
removal produces a narrower distribution of smaller size. The
double drawoff configuration results in higher yield and perhaps
some size improvement. The dimensionless population density
for the R-z model over the three sections of the size range is

y=exp(—Rx); O<x<xg
=exp{~(R—-Dxglexp(—x); xp<x<xc

=exp[—(R - Dxplexp(z — Dxclexp(-2x); xc<x (13)

where xr and x. are fines removal size and classification size,
respectively. The continuity in the CSD distribution, Eq. 13, is
implicitly assumed. Both Juzaszek and Larson (1977) and Ran-
dolph and Kraljevich (1978) have demonstrated the experimen-
tal verification of the R-z crystallizer model. Randolph (1979)
pointed out that the product CSD obtained from large-scale
commercial crystallizers operating with fines destruction system
to produce large particles for, e.g., ammonium sulfate and
potassium chloride systems, agrees qualitatively with the model
predictions.

In a classified product removal configuration the mean reten-
tion probability is dependent on the particle size. Removal of
product crystals may be accelerated (decreased retention proba-
bility, i.e., z > 1) or retarded (increased retention probability,
i.e., z < 1) relative to the MSMPR case, producing narrower or
wider CSD than MSMPR product CSD. Elutriators, hydro-
clones, or wet screens may be used as classification devices.
Inadvertent size classification can occur at the point of slurry
removal in a mixed suspension. The idealized descriptions used
above and by Saeman (1956), Randolph (1965), Nyvlt (1967),
and Han and Shinnar (1968) utilize the point classification
models.

Janse and de Jong (1976) and Bourne (1979), however, used
a smooth, continuously varying function of crystal size in order
to represent the gradual classification occurring in mechanically
stirred tank crystallizers either because of poor hydrodynamic
conditions in the vessel or nonisokinetic withdrawal at the slurry
discharge. They defined the classification function as

M) = 2= s (14)

where n,dx is the number of product stream particles and is A
times the number of particles (n.dx) in the well-mixed crystal-
lizer over the dimensionless size x and x + dx. 7(x) is the size-
dependent residence time of particles over the same size range.
A(x)dx represents the escape probability of crystals over the size
range x and x + dx, and thus A(x) is tantamount to the crystal
size intensity function A(x).

The R — z crystallizer model can be simulated in terms of
A(x) as

AMx)=R; O<x<xp
=1 xp<x<x¢
=2z, Xp<X (15)
The CSIF, A(x), Eq. 15, and corresponding dimensionless popu-

lation density function, Eq. 13, are shown in Figure 4. The clas-
sification function for a particular vessel under a given set of
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Figure 4. Size-dependent RTD models.
1. R-z model (Randolph angd Larson, 1971
2. Continuous classification (Bourne and Zabelka, 1980)
3. External classification (Grootscholten, 1982)
4. Internal classification (Grootschoiten, 1982)
5. Continuous classification and linear size-dependent growth
(Bourne and Zabelka, 1980; Canning and Randolph, 1967)

operating conditions can be determined from washout tests
(Bourne, 1979; Bourne and Zableka, 1980).

Some examples of experimental data showing various forms
of size-dependent removal rates with their corresponding dimen-
sionless population density functions are also incleded in Fig-
ure 4.

The second curve in Figure 4 corresponds to a situation where
the larger crystals are preferentially retained as they have less
escaping probability. Bourne and his co-workers (1979, 1980)
used an empirical relation of the type

(16)

in order to represent the gradual classification function charac-
terizing the hydrodynamic state of the vessel, and derived an
analytical solution for the population density as

ax (- /B tan”" (B, x)
8, VB, an

y=exp|—
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The third curve in Figure 4 represents schematically the case
where crystals having a size smaller than a characteristic size
(xp;) are preferentially withdrawn in the product and have
linearly decreasing escape probability with size. A similar classi-
fication function was observed at the product removal point by
Grootscholten et al. (1981) in their 1.5 m® pilot-scale external
forced-circulation salt crystallizer. The external classification
for this case may be simulated as

AX) = —=Box + Byxp + 13 0 <X <xpy

=5 xp<x (18)

where xg, is a characteristic classification size of the model
observed in the crystallizer configuration, and the corresponding
population function may be derived as

e
Y =exp l:lsz‘i‘ — (Boxp + l)x]; 0<x<xp

2
=exp[—32x—2rl—x]; Xp < X 19)

Grootscholten (1982) further characterized the internal clas-
sification in the evaporator body, and the fourth curve in Figure
4 represents schematically the observed internal classification
function in his forced-circulation salt crystallizer. He speculated
that the peculiar shape of the internal classification is due to the
particle interaction in their settling behavior. The population
density function for any classification function A(x) may be
derived by

y= exp[— _/o-x A(x) dx] 20)

The integral in Eq. 20 may be evaluated numerically.

The fifth curve in Figure 4 represents the combined effect of
both the gradual classification (as by Eq. 16) and size-depen-
dent growth (as given by the Canning and Randolph, 1967,
model—: case 3, Table 3). The population density function can
be evaluated from

A
yg=expl:— [ g—g%dx:l

[ x (1 + oyxtdx

o (1 + B x)(1 + ax)

(21

Both the crystal size intensity function and the residence time
intensity function help indicate the relative deviation from the
ideal exponentially decaying distribution function. The crystal
intensity function provides an explicit dependence of escaping
probability of crystal particles on the particle size. Perhaps both
y(x) and A(x) together give better representation of the possible
mechanism leading to the deviation from the ideal cases. In gen-
eral higher A(x) shifts y(x) toward down right, while lower
A(x) shifts it toward up left. (See, e.g., Figures 3 and 4.)

Agglomeration and breakage

In general, agglomeration and/or breakage should represent
discontinuous particle trajectories in the particle phase space,
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Table 4. Agglomeration and/or Breakage Studies

Investigators

Major Features

Investigators

Major Features

Smoluchowski
(1916, 1917)

Hulburt and Katz
(1964)

Walton
(1967)

Randolph
(1969)

Rosen and Hulburt
(1971)

Wahl and Baker
(1971)

Maruscak et al.
(1971)

Sakamoto et al.
(1971)

Fitzgerald and Yang
(1972)

Matusevich
(1966)

Holldroff et al.
(1975)

Halfon and Kaliaguine
(1976)

Liao and Hulburt
(1976)

Particle collisions; two types of agglomer-
ations: perikinetic (diffusion controlled
collisions, static fluid, smaller size
(~0.1 um) colloidal particles moving by
Brownian motion, second-order with
particle concentration, temperature-de-
pendent) and orthokinetic (shear con-
trolied collisions, agitated dispersions,
larger particles, first-order with par-
ticle concentration, size- and shear-de-
pendent).

Inclusion of agglomeration term based on
two-particle collision in population bal-
ance equation for plug flow type and
batch crystallizers.

Qualitative characterization of agglom-
erating system with high particle con-
centration (>10% of the particles
shouid agglomerate in ~10%).

Representation of two-body breakage in
population balance by birth and death
functions using idealized probability
distributions like uniform, equal size, or
attrition breakage distributions.

Characterization of breakage for crystal-
lization of potassium sulfate in a vac-
uum MSMPR crystallizer. The model
assumes uniform breakage below a
characteristic breakage size.

Modeling of agglomeration of titanium
dioxide pigment (0.2-1.0 um) dispersed
in an agitated isoton used as electrolyte,
based on collision frequency due to tur-
bulent motion, by sequential counting
of particles with Coulter counter. Ef-
fect of particle concentration and stir-
ring rate.

Characterization of agglomeration in pre-
cipitation of calcium carbonate in
CMSMPR precipitator.

Study of agglomeration during alumina
precipitation.

Steady state CSD from an MSMPR crys-
tallizer with growth and breakage; the
breakage model assumes random
breakage with identical probability and
volume conservation.

Effect of hydrodynamics and operating
conditions on agglomeration behavior
during crystallization of potassium
chloride and potassium nitrate.

Characterization of both breakage and
agglomeration from product CSD re-
sponses in precipitation of aluminium
trioxide from caustic aluminate solu-
tion.

Evaluation of crystallization and agglom-
eration kinetics of potassium sulfate in
an MSMPR crystallizer by using ana-

Remillard et al.
(1978, 1980)

Grabenbauer and Glatz
(1981)

Groenweg and Hoffman
(1981)

Schubert
(1981)

Kau and Torocheshikov
(1982)

Hoare
(1982a,b)

Kawashima et al.
(1982)

Petenate and Glatz
(1983a,b)

Twineham et al.
(1984)

Kawashima et al.
(1984)

Tavare et al.
(1985¢)

Grootscholten et al.
(1985)

Nyvlt and Karel
(1985)

lytical solution to the agglomeration
model based on two-particle collisions.

Modeling of agglomeration and attrition
phenomena in crystallization of alu-
mina trihydrate in an isothermal batch
and CSTR.

Modeling and characterizing of agglom-
eration, breakup, and growth processes
for precipitation of soy protein at iso-
electric point in an MSMPR crystalliz-
er.

Numerical algorithm to solve population
balance equation.

A review on agglomeration dealing with
fundamentals, practical aspects, and
processes.

Theory of crystal aggregation in bulk
crystallization from solution including
the effects of particle break-up and
mass transport based on mechanistic
description.

Controlled precipitation and aging of pro-
tein precipitation by salting out of ca-
sein in a helical ribbon stirred reactor
involves combined aggregation and
shear break-up.

Use of wet spherical agglomeration tech-
nique for the preparation of spherical
wax matrices of sulfamethoxazole in an
MSMPR agglomerator.

Modeling of isoelectric precipitation of
soy protein in an MSMPR precipitator
to characterize the aggregate growth
and breakage from the steady state
CSD. Growth of aggregates by a turbu-
lent collision and breakage by hydrody-
namic shear mechanisms.

Shear induced breakup of isoelectric soya
protein precipitate arises from particle
collisions and is represented by a first
order relationship for change in particle
size with time.

Effect of temperature on the production
of spherically dense agglomerates of
salicylic acid.

Conventional kinetic expressions for crys-
tallization and agglomeration for pre-
cipitation of nickel ammonium sulfate
in an MSMPR crystallizer.

Characterization of breakage caused by
fragmentation in different draft tube
crystallizers for salt crystals is carried
out in terms of birth and death func-
tions in population balance equations.

Assessment of agglomeration by three
techniques: visual determination of
percent agglomeration, numerical cor-
rection of CSD to find the degree of
agglomeration, and the method of de-
composition of the two-peak CSD.
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and can formally be represented in the population balance by
the birth and death functions. These functions should be formu-
lated on the basis of empirical description of the state of a sys-
tem. They should also preserve internal consistency; a birth
event at one size represents one or more death events at some
other size(s). Some generalizations and simplifications of these
birth and death terms are however possible. Table 4 lists the
studies relating to the characterization of agglomeration and/or
breakage behavior of systems during the crystallization pro-
cesses.

Although the precise mechanisms of both agglomeration and
breakage are difficult to conceive, a simple mechanism based on
two-body collisions has generally been used in formulating the
rate models. Thus, both these phenomena may be approximated
by a sequence of two-body death and birth events. If the form of
any one (i.e., either birth or death) function is postulated as a
function of the state of the system, a corresponding, consistent
two-body other function can be constructed to represent the dis-
tribution at some other place(s). Once these birth and death
functions are characterized, the population density may then be
derived from the population balance equation. The agglomera-
tion model proposed by Liao and Hulburt (1976) considers the
formation of agglomerates due to two-particle collisions. Curve
1 in Figure 5 represents the dimensionless population density
based on their analytical solution and corresponding intensity
function. The second curve in Figure 5 corresponds to a break-
age model suggested by Rosen and Hulburt (1971) which
assumes that the shattering occurs below a critical breakage size
at a uniform rate but zero above this size. The results show that
breakage changes the CSD in a way very similar to product clas-
sification. Randolph (1969) identified three idealized models of
a two-body breakage distribution, namely, attrition, uniform
but random breakage, and equal size cleavage. Crystal attrition
would not change the form of the distribution significantly,
while the latter greatly affects product narrowness. Using a
power law size-dependent, two-body, equal-size-breakage func-
tion with an exponent 3, and a fraction of breakage relative to
removal at MSMPR dominant size, m, the author showed that
the size distribution was narrow and the population density plot
was concave downward, as depicted by curve 3 in Figure 5. All
these models use the characteristic length of the particle as an
additive property. However, the conservation of mass (or vol-
ume) rather than the characteristic length is more appropriate
in the modeling.

Neither agglomeration nor breakage may be of major impor-
tance in well-designed commercial crystallizers producing well-
defined crystals. Heavy slurry densities and long retention times
inevitably result in crystal attrition giving rounded crystal habit
and increased apparent nucleation. Generally, morphologically
ill-defined precipitates encounter both these phenomena, which
may present severe problems for subsequent processing. Some-
times during pure agglomerate formation continuous growth
may not occur, and the corresponding convective growth term in
the model is then absent.

Multistage configurations

As the inherently simple MSMPR crystallizer yields a wide
exponentially decaying product CSD, a multistage crystallizer
configuration should show promise toward improving the prod-
uct CSD because of its narrow RTD. Table 5 provides a good
compilation of modeling efforts on multistage crystallizer con-
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Figure 5. Agglomeration or breakage models.
1. Agglomeration (Liao and Hulburt, 1976)
2. Breakage (Rosen and Hulburt, 1971)
3. Breakage (Randolph, 1969)

figurations. Various strategies can be employed to alter the
product CSD. Among these are conditions that permit nuclea-
tion in the first stage and only growth in the subsequent stages,
and equal nucleation in each stage of a cascade of MSMPR
crystallizers. However, it is more realistic to recognize that both
nucleation and growth occur in each stage at rates determined
by the prevailing operating conditions. The influence of the
nucleation process on the product CSD is also important. Figure
6 compares the performance of product CSD obtainable from a
five-stage cascade of MSMPR crystallizers. The broken-line
curves give the variation of normalized growth and coefficient of
variation of product weight distribution with stage number at
different relative kinetic orders (Tavare and Chivate, 1982).
Equal residence time and equal solid deposition were allocated
in each stage of a five-stage cascade and normalized with
respect to a single-stage MSMPR configuration. The solid curve
A in Figure 6 represents the performance corresponding to a
case having nucleation in the first stage, while curve B corre-
sponds to a case of equal nucleation in each stage of a five-stage
cascade (Abegg and Balkrishnan, 1971). Thus, if nucleation can
be confined to the first stage alone, the cascade of MSMPR
crystallizers may produce a narrower CSD.

External seeding is another process modification rarely used
in commercial operation, with the exception of sucrose crystalli-
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Table 5. Studies of Multistage Crystallizers

Investigators

Major Features

MSMPR Crystallizers in Series

McCabe
(1929)

Roberts and Robinson
(1957)

Randolph
(1962)

Randolph
(1965)

Hill
(1970)

Nyvlt
(1971)

Randolph and Larson
(1971)

Abegg and Balkrishnan
(1971)

Wolff and Larson
(1971)

Nyvlt et al.
(1973)

Terwillinger and Wey
(1976)

Rojkowski
1977)

Skrivanek and Vacek
(1977)

Nyvit and Provaznik
(1979)

Tavare and Chivate
(1982)

Crystallization of gypsum in phosphoric
acid manufacture.

Narrowing of product CSD, nucleation in
first stage only.

Possibility of bimodal weight distribution;
equal nucleation, growth.

Two-stage cascade with allocation of resi-
dence time and mass deposition.

Comparison between coefficient of varia-
tions obtained from cascade of
MSMPR crystallizers and dispersed
plug flow crystallizer.

Optimal temperature distribution; con-
cept of number of theoretical crystal-
lizer units; equal and first-stage nuclea-
tion.

A general CSD algorithm for various
operating conditions.

Mixing effects by tanks-in-series; equal
and first stage nucleation.

Cascade performance in relation to single
stage; optimal allocation of resources.

Mixing effects by tanks in series; equal
nucleation.

First-stage nucleation; empirical determi-
nation of maximum permissible growth
rate.

Optimal allocation; temperature profile.

Evaluation of CSD moments in cascade
having alternate growth and dissolution
cells.

Optimization of five-chamber crystallizer
for Glauber salt.

Cascade performance in relation to single
stage, optimal allocation; effect of rela-
tive kinetics, general CSD algorithm.

MSCPR Crystallizers in Series

Randolph et al.
(1965)

Tavare and Chivate
(1978)

Recycle
Wolff and Larson

(1971)

Randolph and Tan
(1978)

Nyvit and Broul
(1979)

Tavare et al.
(1985b)

First-stage nucleation; narrowing of CSD.

Two-stage cascade performance in rela-
tion to single-stage, optimal relation of
classification ratio and size.

Restricted investigation of MSMPR cas-
cade with recycle shows no benefit

Simulation for staged classified recycle
crystallizers for alumina and sugar.

Recycle of mother liquor; effect of recycle
on purity.

Higher recycle ratio in MSMPR cascade
with recycle configuration is important;
mixing characterization.

716

May 1986

Vol. 32, Neo. 5

0 @ XA AN-———-—-————— — = i=0
——= iz10
9
>
(8] -~ .
~ i=50
- B
B -equal nucleation in
all stages
A
A ~nucleation in first stage
1 i | 1 1
1 2 3 4 5
k
8 ——— Abegg and Balkrishnan {1971)
i=-0-5 —---Tavare and Chivate (1582)
\ R
\ - i
6k . B =kgG
- \
00N
NN
‘r i=1-0 \\ N
/o \\ AN \\
=5 O \\\\\\\\
2k = '\\ N~ T~ T~
A ~< \‘::: ===
(0] o
i 1 1 1 |
1 2 3 4
k

Figure 6. Effect of nucleation on product CSD in a cas-
cade of MSMPR crystallizers.

zation. Broadfoot and White (1975) have modeled seeding in a
cascade of MSMPR units for continuous sugar crystallization in
order to achieve narrow product CSD.

General algorithms have been developed to calculate the per-
formance measures of crystallizer cascades of various configu-
rations, and even optimal specifications have been determined in
order to achieve the best possible performance (see Table 5).
Almost all the analyses with cascades of MSMPR and MSCPR
crystallizers tend to suggest that under realistic practical condi-
tions with a limited number of units in a configuration, only
marginal improvement in product CSD can be realized and
staging by itself is an inefficient way of improving the perfor-
mance. However, certain chemicals requiring long residence
time and large production capacity can be crystallized in a series
of crystallizer bodies in order to restrict the vessel size to a man-
ageable proportion and gain marginal size improvement.

Macromixing models

By analogy with chemical reactors, the tanks-in-series con-
cept has been proposed as a mixing model by several investiga-
tors (see Table 5). The basic concept of this model is that of
dividing an imperfectly mixed suspension into a number of sec-
tions of usually equal volumes, each of which is assumed to be
perfectly mixed. Each section of the real suspension is then rep-
resented by a perfectly mixed crystallizer having the attributes
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of the section in question. Thus an imperfectly mixed crystal
suspension is represented by a cascade of perfectly mixed crys-
tallizers. If all the sections are assumed to have identical inde-
pendent attributes, then the number of units in the cascade is the
model parameter. Perhaps the most important use of analysis of
multistage configurations is to calculate the type of product
CSD’s that can result when the crystallizer is not perfectly
mixed and is simulated by tanks-in-series model. Nyvlt (1971)
and his co-workers determined the number of theoretical crys-
tallization units (NTCU) in an imperfectly mixed crystallizer
using their analysis of cascade configurations. The concept was
verified for experimental data obtained from laboratory crystal-
lizers producing calcium nitrate, ferrous sulphate, and urea.
Abegg and Balkrishnan (1971) have also used a similar tanks-
in-series concept to characterize imperfectly mixed suspensions,
using the data of Bennett (1962) from industrial-scale crystal-
lizers and predicted NTCU for many systems. Both investiga-
tions have used the cases of either nucleation in the first stage
alone or equal nucleation in all the stages. The analysis by Tav-
are (1978), however, suggests that the assumed nucleation char-
acteristics have an important effect on the performance mea-
sures deduced for a cascade configuration.

In addition to the tanks-in-series concept described above, the
other approach to representing nonideal flow behavior is to use
the dispersion models, which draw on the analogy between the
mixing in actual flow and a diffusional process. The dispersion
or Peclet number based on the vessel characteristics is a model
parameter that measures the extent of axial dispersion and char-
acterizes the mixing state of the crystallization system (Ran-
dolph and White, 1977; Randolph and Rivera, 1978). Thus, a
large value of Peclet number indicates negligible dispersion

effects and the vessel tends to behave like a plug flow crystalliz-
er. For a smali value of Peclet number the crystallizer will show
large dispersion effect and it will be more of the backmixed flow
type.

By analogy with chemical reaction engineering, one-parame-
ter models such as tanks-in-series and dispersed plug flow mod-
els may be ideally suited to account for the nonideality in flows
that do not deviate greatly from their corresponding ideal flow
patterns. However, when the flow patterns are very different
from the ideal flow configuration, multiparameter models are
likely to represent the configuration more satisfactorily. Many
such multiparameter models have been suggested for chemical
reactors and may perhaps be suitable to represent flow in real
crystallizers. Relatively little work on multiparameter modeling
is available in the crystallization literature. Becker and Larson
(1969) used the mixed models approach, which assumes that the
flow within the continuous vessel can be divided into various
interconnected regions whose flow characteristics can be pre-
cisely described. In their idealized simulation they considered a
system consisting of a plug flow section followed by a well-back-
mixed section, and showed for a case of second-order relative
kinetics that the highest solid deposition is achieved in a system
in which the backmixed portion occupies 18% of the total vol-
ume and the largest weight mean size 60% of the total volume.
In order to interpret the peculiar shapes of the product CSD
obtained from pilot plant units of salt crystallizer, Gootscholten
et al. (1981, 1982) simulated the crystallizer as a closed loop of
idealized sections of plug flow and backmixed flow on the basis
of the RTD behavior of the vessel. Good agreement was
observed between the experimental and simulated product
CSD’s. Tavare et al. (1985b) suggested a mixing model consti-
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Figure 7. Performance characteristics of two-stage cascade of MSMPR crystallizers with magma recycle (Tavare et al.,
1985b)
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tuting a well-mixed tanks-in-series with magma recycle configu-
ration where the number of stages in the cascade and recycle
ratio were used as model parameters. The simulation of a large
forced-circulation Oslo unit and an imperfectly mixed large pre-
cipitation vessel may perhaps be better represented by a two-
stage cascade of MSMPR crystallizers with magma recycle
process configuration. Figure 7 represents the statistics of the
product CSD obtained with recycle ratio defined as ratio of
product to recycle mass flow rate. The product mean size
increases with recycle ratio for all relative kinetic orders, as the
higher recycle ratio forces the system to operate at higher
growth rate levels, and decreases with increasing relative kinetic
order for all recycle ratios. At a higher recycle ratio for all rela-
tive kinetic orders the product CV is the same and equal to that
of an MSMPR unit (50%). As the recycle ratio approaches zero
the product CV approaches the value corresponding to that of a
two-stage cascade of MSMPR crystallizers for a given relative
kinetic order. The recycle ratio at its higher value becomes an
important variable that governs the growth rate levels and main-
tains the MSMPR condition within the entire configuration.

CSD dynamics and control

Understanding CSD dynamics in commercial crystallizers
with large holding time is sometimes important. Observation of
CSD instability on an industrial scale provided the original
impetus to formalize the population balance approach to dy-
namics modeling. CSD dynamics caused by a nonhomogeneous
(outside) forcing function is referred to as CSD transients, and
that caused by inherent instability of the characteristic equa-
tions describing CSD is referred to as CSD instability. The anal-
yses of these two sources of CSD dynamics stems from the same
dynamic population and mass balances coupled with the system
kinetic events, but proceeds along different paths; the corrective
actions required to stabilize the CSD are also different. Table 6
includes a list of studies relating to CSD dynamics and control.
Much attention in the literature has been given to understand-
ing the dynamics and stability of CSD. Control studies, how-
ever, are comparatively few in number. In typical industrial
crystallization practice usually no attempt is made to control
CSD transients other than to minimize the major system upsets.
Undoubtedly, the lack of simple on-line system identification
techniques based on either solution or solid-side information has
inhibited the application and implementation of control
schemes. Recent work by Randolph and his co-workers (Table
6) attempted to establish the feasibility of on-line measurement
of fine crystal CSD in order to characterize growth and nuclea-
tion events and subsequently use them in the control scheme.

Micromixing
Limits of micromixing

The RTD approach by itself does not completely define a
state of mixing and is concerned with macromixing, meaning
those gross flow processes that cause different clumps to have
different residence times. These same processes may or may not
cause any mixing at a molecular level of scrutiny. Thus, if the
individual clumps were encapsulated they could flow through
the system and have a distribution of residence times without
any mixing on the molecular scale. Such a system is said to be
completely segregated (Danckwerts, 1958) and represents one
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limit on micromixing—the case where there is no micromixing
at all within the vessel. In this mixing situation an element of
suspension travels through the vessel in discrete, noninteracting
packets or clumps that constitute the particles of RTD theory.
The contents of the vessel behave as a macrofluid. The perfor-
mance of the vessel in such a configuration is exactly as if each
clump were a small batch crystallizer. They all have the same
entering conditions but have different exit conditions depending
on their residence times in the vessel. As the product at the ves-
sel exit is assumed to be completely mixed, the average exit per-
formance characteristics can be evaluated by summing over
those of the myriad of batch crystallizers at the exit weighted
with the normalized RTD function.

There is also the other limit, that which corresponds to the
highest level of molecular mixing possible with a given RTD.
This is called maximum mixedness (Zwietering, 1959). In this
mixing situation the entering clump in the feed mixes immedi-
ately with material already in the vessel, loses its identity, and
has no determinable past history. The vessel contents behave as
a microfluid. The performance characteristics for the vessel are
evaluated by the usual methods for continuous crystallizers.

In order to develop a computational tool for performance
evaluation of the vessel in these extreme limits it is necessary to
define a notional point in the sense used by Danckwerts (1958),
and some additional time-coordinate properties of the continu-
ous flow systems. A point is defined as an element of suspension,
small compared to the total contents of the vessel, but large
enough to have an average value of intensive properties such as
concentration and population density independent of random
molecular variation. The age and the residual lifetime (or life
expectancy; Zwietering, 1959) constitute the additional time-
coordinate properties. An age, Y, and a residual lifetime, £, for a
point in the system are always related by

v+E=9 (22)

where 6 is the dimensionless residence time for this particular
point. Here y, £, and 6 are assumed to be deterministic quanti-
ties. A point enters system with ¢ = 0 and £ = 6, and leaves with
y=0and£=0.

Completely segregated vessels may be imagined to have mix-
ing between clumps with differing ages, but this mixing takes
place at the vessel exit where the various clumps having £ = 0
merge to form the outlet stream. The mixing occurs when ¢ = 6
for all clumps (but different clumps will have different values of
¥ = 6). Thus, whatever mixing there is between points with dif-
fering ages will occur as late as possible, namely, at the vessel
outlet. Two kinds of mixing that can be allowed between points
without altering the RTD for the system are possible. Mixing
between points having the same age is always possible; but since
these points have the same composition this is equivalent to no
mixing at all and the system remains segregated. For mixing
between points having different ages, Zwietering (1959) pointed
out that such mixing is possible only when the points have the
same residual lifetime. In the maximum mixedness case fresh
feed enters the system with age ¢ = 0 and immediately mixes
with the material already in the vessel, which has many different
ages but the same residual life. When mixing occurs between
two groups with different ages, one of the groups will have y = 0.
Thus mixing occurs as early as possible.
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Table 6. CSD Dynamics and Control

Configuration
Authors (System) Kinetics Technique Remarks
Miller and Saeman Oslo (NH,NO;) Experimental Unstable and cyclic operation
(1947) in classified crystallizer.
Saeman (1956) MSMPR/MSCPR G -k, Ac Experiments with plant Control of CSD by fines re-
Saeman (1961) Vacuum (NH,NO;) B = seeding rate moval.
Randolph and Larson  Class Il MSMPR G = k; Ac, Solution to population Transients of CSD; cycling
(1962) [(NH,),SO,] B =k, Ac balance and frequency due to fines dissolution.
response analysis
Hulburt and Katz Processing equipment G =G(Acq L) Classical statistical me- Transients in particle technol-
(1964) B = B(Ac, L) chanical formulation ogy with growth, nucleation
and weak agglomeration.
Randolph and Larson =~ MSMPR B - KiG' Analog simulation; fre- Transients, stability, and its
(1965) quency response; criteria.
Routh Horwitz stabil-
ity
Murray and Larson MSMPR salting-out (ammo- B = KxG* Experimental and analog  Verification of kinetics from

(1965)

Sherwin et al.
(1967)

Timm and Larson
(1968)

Sherwin et al.
(1969)

Hulburt and Stefango
(1969)

Han (1969)

Mullin and Nyvit
(1970)

Lei et al.
(1971a,b)

Gupta and Timm
(1971)

Anshus and
Ruckenstein (1973)

Randolph et al.
(1973)

Yu and Douglas
(1975)
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nium alum-ethanol-water)
MSMPR

MSMPR salting-out (alum-
ethanol-H,0)
((NH,),SO,-methanol-
H,0) (NaCl-ethanol-H,0)

MSCPR

MSMPR with fines removal

Class | MSMPR

MSMPR/MSCPR
(Na,S,0;5H,0)

MSMPR with fines trap

Class Il MSMPR

MSMPR

Class I1 MSCPR with fines
removal (R-z)

Class | MSMPR

G = G(Ac)G(L)
G(Ac) = k, Ac
G(L)y=1lor(l + aL)
B = Buygime: OF Bygier

B = KiG’

G=kAc
B = Bvoime: O Byie;

G =kAc
B= Banmer
G =k, Ac
B= BVolmer
G =0.015Ac

B = (0.01 ~ 1.0) Ac*®

G-k, Ac )
B = Byjier, KzG'
BVolmer

B = KiG'
G=G(Ac L)
B=B{Ac, L)
B = KiG'M#%
G-k, Ac

B - BVolmer

simulation

Linear and nonlinear dy-
namics; Routh Hor-
witz stability

Experimental and digital
simulation

Linear and nonlinear dy-
namics; Nyquist sta-
bility

Linearized moment
equations

Analog simulation of li-
near and nonlinear dy-
namics

Experimental and digital
simulation on 200L pi-
lot DTB unit

Linearized stability anal-
ysis by Routh Horwitz
test; dynamics with
nonlinear equations;
numerical analysis

Stability of feed-for-
ward /backward con-
trol scheme; frequency
response analysis

Linear stability analysis
by Laplace transform,
roots of characteristic
equations

Use of spectral technique
to the linearized dy-
namics

Linear stability by Routh
Horwitz test; theory of
nonlinear oscillation
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transients

Cycling behavior; amplitude
fluctuation by numerical
nonlinear analysis.

Verification of kinetics by
transients.

Cyclic behavior due to classifi-
cation. Seeding and mixed
product removal have stabi-
lizing effect.

Negligible oscillations due to
fines removal. Recycle
magma has stabilizing ef-
fect.

Self-induced oscillation; feed-
forward controller.

Periodic cyclic behavior.

Stabilization effect of fines
trap at large product size.
Stable limit cycle around
unstable equilibrium point.
Feedback control system.

Control over fines may elimi-
nate the sustained limit cy-
cle. Bode diagram approxi-
mates first-order behavior.

Stability criteria.

Fines removal has stabilizing
effect while classification
has destabilizing effect.

Oscillatory operation may be
advantageous because of
high yield; evaluation of
method of analysis.

(Table Continued)
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Table 6. (Continued)
Configuration
Authors (System) Kinetics Technique Remarks
Song and Douglas Class | MSMPR G=25Ac Experimental Self-generated oscillations;
(1975) (NaCl-ethanol-H,0) B =17 x 10*exp sensitivity to kinetics.
-0.12
-1
Liss and Shinnar MSMPR G = G(Ac, L) Linear stability analysis Cycling phenomena due to
(1976) B = B(Ac, 1) by the Routh Horwitz magma dependent kinetics
test at low apparent values of
sensitivity parameter.

de Leer et al. Class It MSCPR with fines B = KxG'M} Linear stability; roots of  Stability limits; nonlinear

(1976) removal characterization equa- study desirable.
tion.

Shields (1976) MSMPR evaporative, Two- G = kyexp Experimental and simu- Mode of operation and process
stage cascade, Batch cool- (—Eg/R,T) Ac?* lation of dynamics configuration important on
ing B=k,Ac M} plant and lab studies.

Randolph et al. Class II MSCPR with fines G =k, Ac Experimental and nu- Low-order cycling.

(1977) destruction loop (R-z) B = 0.66G° M2" merical simulation of
(KCI-H,0) dynamics
Randolph and Class II MSCPR with fines G =k, Ac Simulation of dynamics Efficient control policy of pro-
Beckmann (1977) destruction loop (R-z) B=KG' M} and control by com- portional control of nuclei
puter simulator density by manipulation of
fines.

Aeschbach and Bourne Continuous (hexamethylene Experimental Dynamics and stability of

(1979) tetramine) weakly agitated crystallizer
to its suspension character-
istics.

Randolph (1980) — — — General review.

Ishii and Randolph Class Il MSMPR G = G°G(L) Linearization and spec- Stability limits.

(1980) where G(L) = 1, L < L, tral density analysis
=a L>L,
Randolph and Rowang MSMPR with fines trap G = G(Ac) Experimental on-line Control of CSD.
(1980) (KCI) B = KgG' measurement of kinet-
ics
Epstein and Sowul Class Il MSMPR G = k,Ac Nonlinear stability by Regions of system stability
(1980) B = kAl i phase space analysis and occurrence of limit cy-
using computer simu- cle by use of two-dimen-
lation sional phase plane projecto-
ries and three-dimensional
computer generated dis-
plays.

Randolph et al. MSMPR with fines removal B = KiG' Experimental On-line CSD measurement

(1981) and (KCl) technique; on-line control of

Randolph and Low CSD using proportional

(1982) control of nuclei density by
manipulation of fines.

Rousseau and Howell MSCPR with fines removal B = K:G' Experimental and simu- Control scheme using Ac as

(1982) (KC]) lation variable and flow through

Hashemi and Epstein
(1982)

Jerauld et al.
(1983)

Akoglu et al.
(1984)

720

Nonisothermal continuous
MSMPR

MSMPR cooling (alum)

Experimental kinetics

G = kyAc

B= BVolmer

G = kyexp
(—Eg/R,T)Act

B = kyexp

(—Es/R,T)AC®

Multivariable system ap-
proach

Linearized stability anal-
ysis; Hopf bifurcation

Linear dynamics includes
energy balance

May 1986 Vol. 32, No. 5

fines trap as controlled vari-
able.

Observability and controllabil-
ity considerations.

Conditions of limit cycle.

Transients; temperature ef-
fect.
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Table 6. (Continued)
Configuration
Authors (System) Kinetics Technique Remarks
Heiskanen and Norden MSMPR with fines dissolu- B = KxG'M} Double Laplace trans- Dynamics and stability analy-
(1984) tion form of linearized dy- sis.
namic equations
Tavare and Garside MSMPR G =k At Mass balance Concentration multiplicity.
(1985) B = ky Ac*M]
Tavare et al. MSMPR cooling G = kyexp Mass and energy bal- Temperature multiplicity.
(1985a) (—Eg/R,T) Ac* ances
B = kyexp

(~Es/R,T) Ac*M};

Models for limits of micromixing

The two limits on mixing between points having different age
can be represented by simple piston flow models as shown in Fig-
ure 8. Completely segregated crystallizers can be modeled as a
single piston flow crystallizer with side exits as shown in Figure
8b, or as piston flow vessels in parallel as in Figure 8c. Some
thought will show that these configurations are equivalent. The
parallel vessels conform to the definition of complete segrega-
tion since each parallel element corresponds to the path followed
by a point. The single plug flow vessel model has mixing in the
radial direction and thus has mixing between points in violation
of the intuitive definition of complete segregation. However, the
mixing within the crystallizer occurs only between points having
the same age and thus the same property attributes. Such mix-

agglomeration effects is
(23)

where G is the size-independent overall linear growth rate. Here
the total solvent capacity of the clump may be time-varying. It is
therefore convenient to define the population density and the
other specific quantities on the basis of total working solvent
capacity of the clump; such quantities will be represented by A
above the corresponding symbol.

The moment transformation of Eq. 23 with respect to size
yields

. . dj -
ing has no effect on performance characteristics, and the outlet o _ Br (24)
conditions will be the same for these cases. The distribution of v
the side exits in a single plug flow vessel model or the length of di
parallel elements is arranged to duplicate the RTD for the sys- 5 Grig (25)
tem. ay
The element or the point in a completely segregated system X
can be considered as a small batch crystallizer. The population ‘_1_12 - 2Gri, (26)
balance equation for such a clump with negligible attrition and dy
o——————
5
} Product —_
Feed > Feed | +——3——— Product
— s @ e ® e
LR a4 Product Feed | ‘
Sl = o e
macrofluid - ¥
a b c
l Feed
= L o
|, Product | Product
E(o) i
microfluid ‘—g—{ f—ds{
d e f t.df %
Figure 8. Extremes of micromixing.
a. Completely segregated vessel d. Maximum mixedness vessel
b. Plug flow vessel with side exits e. Plug flow vessel with side entrances
c. Plug flow elements in parallel f. Differential element of configuration e
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djis

d_¢ = 3GTﬂ2 (27)
with boundary conditions
g=0 aty =0 j=0,1,2,3 (28)

The variation of crystal size starting from L = 0 in the batch
clump may be represented by

dL

ﬁ =Gt (29)

The general supersaturation balance for a batch clump at any
age yis

dAc  de* AW

-‘X[/— + W + W = (30)
and the solute balance is
e dw
— 4 —=0
a0 + ) 31)

The average population density of the product and the mean
supersaturation and concentration of the crystallizing compo-
nent at the vessel outlet are the expected average values of all
the elements over the RTD, and are therefore given by

R(L) = " AL e EG Y (32)
Ko [ EeWma EWdY (33)
= [T eWma EWdY (34)

In order to facilitate easy evaluation of the integrals in Eqgs.
33 and 34 they can be transformed into differential equations
as

die o E 35
“7\;= C('P)baxcn W) (35)

and
@ _. E 36
E=€(¢)w¢h W (36)

with
A2 =0 and =0 aty=0 37

The values of Ac and ¢ determined by integration of Egs. 35 and
36 for Y — oo will equal Ac and ¢, respectively.

Simultaneous solutions of the set of differential equations
(Eqs. 24-27, 29-31, 35-36) and partial differential equation 23
will define the completely segregated vessel.

In the maximum mixedness case fresh feed enters the system
with age ¥ = 0 and immediately mixes throughout the entire
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vessel cross section with points having many different ages but
all having the same residual life, £. Figure 8e depicts a general
model for the maximum mixedness configuration. The feed
stream now enters the vessel through a variety of side entrances
distributed along the vessel length to duplicate the arbitrary
RTD. Although the situation is merely a reversal of the flow
direction in Figure 8b, it represents an opposite extreme of mix-
ing between the points with different ages, an extreme where
mixing occurs at the vessel inlet and is thus as early as possible.
The performance equations describing the system in a maxi-
mum mixedness case may be derived from the differential bal-
ances (Figure 8f) and follow similar lines to that of Zwietering
(1959) in a chemical reactor case. The solute concentration bal-
ance is

dc

- d—g = A(E)(CI - C) - MTmm (38)

and the corresponding supersaturation balance is
- Y, = A(E)(AC, - AC) - MTmm + kmm (39)

where M, represents the dimensionless solid deposition rate
and k,,, the dimensionless supersaturation generation rate. The
appropriate boundary conditions associated with Eqgs. 38 and 39
are that both c(¢) and Ac(£¢) are bounded and positive for £.
Usually it means that

de dAc
—=0, —=0atf—w 40
T T at§ (40)
The population balance equation for the crystallizing compo-
nent can be derived as

dn dn
6_£ + G‘ri + AE)(n—n)=0 (41)

Any configuration with an arbitrary RTD can in general be
treated. However, for simplicity a classical MSMPR crystal-
lizer having A(¢) = 1 and clear feed with conventional supersa-
turation-dependent growth and nucleation kinetics for the crys-
tallizing system is assumed. The pertinent moment equations
obtained through the moment transformation of Eq. 41 with
respect to size are

%’ = Br — (42)
[Z—‘; = Gty — 1y (43)
‘2—? =2Gtu — (44)
‘2—? =3GTu, — 1y (45)
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with boundary conditions

du;
7’;-’=0asg—»oo j=0,1,2,3 (46)
The valid and required set of solutions describing the maximum
mixedness MSMPR configuration is

G —C= MTmm (47)

Ac; — AC = Mppp — Kom (48)
B

n= G exp(—L/G7) (49)

My, = 6ky0.BG* 7* (50)

Becker and Larson (1969) modeled these two extreme micro-
mixing limits in an MSMPR crystallizer for the case of crystal-
lization from presupersaturated feed solutions. In order to com-
pare the performance of these two configurations they used the
same inlet supersaturation levels in each case. The analytical
solution of the population balance equation for the first-order
relative nucleation kinetics (i.e., i = 1) showed substantial dif-
ferences in product CSD obtainable in these two extreme levels
of micromixing.

Tavare (1985b) analyzed an MSMPR crystallizer in which
the supersaturation was generated by any one of the conven-
tional modes, namely, cooling, evaporation, or dilution tech-
nique. Several modes of operation at the two extreme micro-
mixing levels were illustrated with numerical examples, and the
performance characteristics were also compared with those ob-
tained in the corresponding macromixing limit, i.e., plug flow
configuration. At higher rates the mean product size for plug
flow configuration typically fell between those for the other
extreme micromixing cases of an MSMPR crystallizer. Thus
the level of micromixing is more important than the level of
macromixing in determining system performance. If however all
the clumps in the crystallizer were maintained at a constant
level of Ac throughout their sojourn, the micromixing effects
were unimportant for such an operation. As the crystallization
processes invariably involve complex kinetic events, the ex-
tremes of micromixing will not necessarily meet the optimality
constraints required to provide the bounds on the performance
characteristics (see also Nauman and Buffham, 1983).

Degree of segregation

Danckwerts (1958) proposed the degree of segregation J;as a
measure for micromixing in a flow reactor. It may also be con-
sidered for the solution in a crystallizer and defined as the vari-
ance of ages between the points in the crystallizer divided by the
variance of ages of all the points in the crystallizer. Thus

1 —_
Cvary, p, G-V
" vary

(51)

_fw-%mww

where
¥ = age of a molecule in the crystallizer

Y = mean age of all molecules in the crystallizer — f: vi(y) dy
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¥» = mean age of all molecules within a point in the crystallizer =
L) dy
I(y) = age distribution in the crystallizer
Ip(¢¥) = age distribution within the point P in the crystallizer

The solvent capacity integral j;, represents the sum over all the
points.

Zwietering (1959) showed that the total variance in ages
(var ) is the sum of the variance in ages between the points (var
¥,) and the variance in ages within a point (o). Therefore

o%

J=1- vary (52)

In complete segregation, 63 = O for all points and J, ~ 1. For a
maximum mixedness MSMPR crystallizer var ¥, = 0 and J, =
0. Thus 0 < J, < 1. Zwietering (1959) observed that J, = 1 is
possible with any RTD, but J, = 0 is possible only with an expon-
ential distribution since var ¢, > 0 for any distribution other
than the exponential. Thus the real range for J; is (Ji)min < J; <
1 where (J,) i depends on E ().

In order to characterize the extent of micromixing based on
solid-side information an additional analogous quantity, the
degree of segregation based on CSD, may be defined as

cv:
T opy?

Jo=1 (53)

where CV is the coefficient of variation based on crystal size dis-
tribution. For a maximum mixedness MSMPR crystallizer
CVp = CVand J, = 0. In complete segregation CV, is normally
not equal to zero when both nucleation and growth occur within
the point. However, if monodispersed seed crystals are assumed
to grow without any nucleation and growth dispersion phenom-
ena, then under such a hypothetical condition CVp = 0and J, =
1. Thus for real crystallizers the range for J, may be less restric-
tive and perhaps the coefficient of variation is a less sensitive
measure of CSD.

A micromixing condition lying between complete segregation
and maximum mixedness is one of partial segregation. Evalua-
tion of degrees of segregation for such incomplete micromixing
is difficult, as a knowledge of distribution functions within the
point over the entire space system is needed. Again the degree of
segregation cannot uniquely determine the history regarding
specific quantities such as concentration and population density
in a crystallizer, as it is characterized by the ratio of variance
(Eqgs. 52 and 53). It is in general only an average parameter of
the vessel and may provide a common basis for model discrimi-
nation.

Mixing space

A qualitative but conceptually useful representation of micro-
mixing is shown by the mixing space diagram of Figure 9 (Nau-
man and Buffham, 1983). The abscissa, labeled Macromixing,
measures the breadth of the RTD. A possible scale of measure-
ment for this axis is the dimensionless variance. The ordinate,
labeled Micromixing, is really a measure of how important
micromixing effects can be. A possible scale for this axis is the
difference between maximum and minimum degree of segrega-
tion. Micromixing effects are unimportant for plug flow config-
uration and may have maximum importance for MSMPR crys-
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tallizers. Although there is no theoretical assurance that the
extremes of mixing will bound the performance, a real crystal-
lizer may lie within the normal region of Figure 9 and perhaps
may have performance characteristics bounded within those of
the three special configurations representing the apexes of the
normal region. However, it is important to note that the crystal-
lization process generally involves consecutive and/or competi-
tive kinetic events and therefore the optimum performance may
not necessarily lie along the boundaries of the normal region of
mixing plane. A possibility of interior optima exits and bounda-
ries representing the extremes of micromixing perhaps may not
be linear for a given crystallizer configuration.

In all the above analyses a tacit assumption is that the feeds to
the system are mixed or become mixed immediately upon
entering. In order to consider the special features of unpremixed
feeds (Treleaven and Tobgy, 1971; Ritchie and Tobgy, 1978)
Garside and Tavare (1984, 1985) imagined an MSMPR crys-
tallizer with two feed streams each of which contains a single
reactant species. These two species can react together homoge-
neously, and when the fluid phase becomes supersaturated with
respect to product resulting from the liquid phase reaction, crys-
tallization occurs. All the product in both solid and liquid phases
together with unconverted material leaves the crystallizer
through a single outlet. Inside the crystallizer a suspension ele-
ment constituting a point will in general consist of unreacted
reactant species together with product in both phases.

Clearly no reaction whatsoever will occur if all the points
within the crystallizer contain only one reactant species, i.e., all
the elements of two feed streams containing only one component
remain segregated throughout their sojourn in the vessel. In this
situation the age and residual lifetime distributions of the points
are irrelevant from the point of view of reaction and subsequent
precipitation. On the other hand, if both the species do exist at
the same point by virtue of some mixing between the feed popu-
lations after entry, there will be reaction and subsequent precipi-
tation and the rates of both these processes will depend on the
point species concentration. The point species concentration will
be determined partly by the previous mixing between the two
reactant species, and partly by the extent to which molecules
emanating from the same feed stream but with different ages

PM
v
//_"A\~
o kN
==\ Fog -
i e
I —\ 7807~
s I on
fm— \
9
o zb‘“(’ 111 — /)11
= S - D
X W L h—/
s S . R\ 7| Iy /
e 4 normal mixing region \\-= 4
| ¥ | =g
"7
/Segreguted flow boundary o\ —{
PF cs

Macromixing ———»

Figure 9. Schematic representation of mixing (Nauman
and Buffham, 1983). PF, plug flow; CS, com-

plete segregation; PM, perfect mixer.
I Complete species and age segregation

II Maximum species but minimum age mixedness
IIT Minimum species but maximum age mixedness
IV Maximum species and age mixedness
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have mixed together. In general it is therefore necessary to dis-
tinguish between species and age mixedness in order to charac-
terize the unpremixed feeds crystallizer. On the basis of this dis-
tinction it is possible to conceive four extreme states of mixing in
unpremixed feed streams crystallizers at the four corners of the
plane representing an MSMPR unit, as shown in Figure 9.

I. Complete Species and Age Segregation. If segregation
between the species were complete, the two components would
never mix and no reaction and subsequent crystallization would
occur. Thus, no performance is a theoretical possibility when-
ever the reactant streams are unmixed, and it cannot be resolved
simply from RTD measurement.

I1. Maximum Species but Minimum Age Mixedness. In this
situation points from each feed stream entering at the same time
and having the same residual lifetime mix together immediately
but do not mix with any other points having the same residual
lifetime until the vessel exit. A total age segregation exists
within the reactant populations.

III. Minimum Species but Maximum Age Mixedness. For
completely immiscible feed streams it is likely that no mixing
takes place between the feed streams although each stream is
individually well-mixed. Again, the age and residual lifetime
distributions of points are irrelevant from the point of view of
reaction and subsequent precipitation.

IV. Maximum Species and Age Mixedness. All points of the
same residual lifetime mix together as early as possible. This
case refers to the maximum amount of mixing that can be
achieved for a crystallizer having two feed streams.

Two limiting cases—maximum species but minimum age
mixedness (case I1) and maximum species and age mixedness
(case IV)—were analyzed to explore the sensitivity of the two
cases to the kinetic parameters used in chemical reaction and
crystallization (Garside and Tavare, 1984, 1985). Under the
condition of premixing of two reactants at the entry to the vessel,
these two cases (II and I'V) are tantamount to complete segrega-
tion and maximum mixedness, respectively, for a single-compo-
nent reaction. All the results showed that although the differ-
ences between the conversions for a second-order reaction were
small for the two extreme micromixing limits, significant
influence on the product CSD was observed. In general the
unpremixedness adds an additional dimension to the mixing
space. The analysis was restricted to identical RTD functions of
an MSMPR crystallizer for both the components. However the
analysis with different, unequal RTD functions may be more
complex and the performance characteristics may be different.
For a case of mixing and reaction Treleaven and Togby (1971)
pointed out that the unpremixed feeds to the reactor produced
entirely different performance and may require an optimal
micromixing policy in order to achieve optimum results.

Micromixing models

Process simulation studies (Garside and Tavare, 1984, 1985;
Tavare, 1985b) have clearly demonstrated the enormous effect
of the micromixing level on overall crystallizer performance.
Although differences between the second-order reaction perfor-
mances at the two extreme micromixing levels in all the cases of
simulations (Garside and Tavare, 1984, 1985) are usually small,
the significant influence on the product CSD may provide a
comparatively sensitive and useful indicator of intermediate
degrees of micromixing. The kinetic events for crystallization
systems are generally nonlinear; crystallizers usually operate at
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relatively high yield; the RTD function is closer to that of an
MSMPR unit; the physical nature of the crystallization process
allows the practical possibility of segregation; and therefore
micromixing effects may tend to be important in real crystalliz-
ers. Characterization of such micromixing effects in a real vessel
at some intermediate micromixing level is of paramount impor-
tance for crystallization systems from both a theoretical and a
practical viewpoint. As published work on the characterization
of intermediate micromixing or partial segregation for crystalli-
zation configurations is scarce, the primary emphasis remains to
examine critically the approaches used in the chemical reaction
engineering literature and judge their suitability for crystalliza-
tion systems. Although there is no general acceptance as to what
constitutes a sufficient description of micromixing, a host of
models describing specific mixing histories has been proposed
for chemical reactors, each one of these models being an attempt
to represent conceivable extreme or intermediate micromixing
states with or without some mechanistic implications. Table 7
briefly outlines the major types of models that have appeared in
the literature. The following section will discuss some aspects of
micromixing models that may be of interest in crystallization
research from a theoretical or predictive viewpoint. A detailed
analysis will be avoided since only a few have been used in crys-
tallization research.

Environment models

Formulation of models such as complete segregation and
maximum mixedness for continuous crystallizers with any RTD
function, depicted by plug flow vessels with side exits and
entrances, respectively, represents the intrinsic micromixing
level in an environment. If the solution in a crystallizer is consid-
ered to be a mixture of macrofluid with a fraction S and micro-
fluid with the remaining fraction (1 — §), the micromixedness
ratio [(1 — S)/S] should be a simple empirical measure of
segregation state. The value of S may be determined by either
reactive or nonreactive tracer systems (Villermaux and David,
1983). A similar measure from the solid-side information, the
dimensionless segregation level for CSD, may be defined as

S, = —f——L’_""' (54)
Lcs - me

Table 7. Micromixing Models

Environment Models

Complete segregation Danckwerts (1958)

Zwietering (1959)

Zoulalian and Villermaux (1974)
Troung and Methot (1976)
Hanley and Mischke (1978)
Villermaux and David (1983)

Ng and Rippin (1965)

Weinstein and Alder (1967)
Rippin (1967a)

Villermaux and Zoutlalian (1969)
Nishimura and Matsubura (1970)
Methot and Roy (1971)

Rao and Edwards (1973)

Goto and Matsubara (1975)
Takao and Murakami (1976)

Chen and Fan (1971)
Tsai et al. (1971)

Maximum mixedness

Segregation level
(one-parameter)

Two-environment
(one-parameter)
Series or parallel

Reverse

AIChE Journal May 1986

Environment Models (Continued)
Spatial Miyawaki et al. (1975)
Apostolopoulos and Smith (1976)

Ritchie and Togby (1979)
Valderrama and Gordon (1979, 1981)
Chai and Valderrama (1982)

Mehta and Tarbell (1983)

Three-environment
(two-parameter)

Four-environment
(three-parameter)

Structured fluid flow
network (multiparameter)

Recycle Models

Recycle plug flow reactor

Asbjornsen (1965)

Gillespie and Carberry (1966)
Fan et al. (1971)

Szabo and Nauman (1969)
Rippin (1967b)

Dohan and Weinstein (1973)
Dudukovic (1977a,b)

Generalized recycle reactor

Coalescence and Redispersion
Models (CRM)

Shain (1961)

Curl (1963)

Spiclman and Levenspiel (1965)
Kattan and Alder (1967, 1972)
Harris and Srivastava (1968)
Evangelista et al. (1969)
Komasawa et al. (1969, 1971)
Rao and Dunn (1970)
Treleaven and Togby (1972)
Zeitlin and Tavlarides (1972)
Patterson (1975)

Goto et al. (1975)

Goto and Matsbura (1975)
Villermaux (1981)

Hsia and Tavlarides (1983)
Marconi and Vatistas (1983)

IEM (Interaction by

Exchange with the
Mean) Models

Harada et al. (1962)

Costa and Trivossi (1972a,b)
Aubry and Villermaux (1975)
David and Villermaux (1975)
Plasari et al. (1978)

Klein et al. (1980)

Villermaux (1981)

Pohorecki and Baldyga (1983a,b,c)
Villermaux and David (1983)

Diffusion Models
Packet diffusion Rice et al. (1964)
Mao and Toor (1970)
Rao and Edwards (1971)
Troung and Methot (1976)
Nauman (1975)
Nabholz et al. (1977)
Belvi et al. (1981)
Jenson (1983)

Angst et al. (1982a,b)
Bourne and Rohani (1983)
Bolzern and Bourne (1983)
Baldyga and Bourne (1984a)

Ottino et al. (1979)

Ranz (1979)

Ottino (1980)

Qu and Ranz (1983a,b, 1984)
Ou et al. (1983)

Ottino and Chella (1983, 1984)

Pohorecki and Baldyga (1983a,b,c)
Baldyga and Bourne (1984b,¢c,d)

Deformed packet diffusion

Lamellar mixing

Isotropic turbulent mixing
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where Lis the product mean size. It is important to note that L,
and L, may not necessarily be extreme bounds on the mean
sizes.

Environment models for chemical reactors assume that the
vessel volume consists of two or more separate environments
having extreme states of micromixing. The reactor may be mod-
eled either by splitting the feed into completely segregated and
maximum mixedness environments and combining them at the
reactor exit with no interaction among the parallel environ-
ments, or by sending the entire feed stream into a completely
segregated entering environment and subsequently transferring
it to a maximum mixedness leaving environment at a prescribed
rate, the effluents of these series environments being combined
at the vessel exit. Several other variations of environment mod-
els have been proposed that differ either in structure of environ-
ment interactions or in terms of transfer rates; see Table 7. Envi-
ronment models are essentially system-specific and empirical in
nature. Recently some mechanistic implications have been
pointed out by establishing the analogy with the theory of iso-
tropic turbulent mixing and its equivalence with other micro-
mixing models (Ritchie, 1980; Mehta and Tarbell, 1983).
However, these environment models have not been compared
extensively against experimental results. They offer substantial
computational economy and are relatively simple and easy to
use.

Recycle models

A plug flow reactor with recycle can be used as a model of a
flow reactor, with recycle ratio as a model parameter repre-
senting incomplete macromixing. When the recycle ratio tends
to approach zero or infinity, the RTD of the plug flow recycle
reactor approaches that of plug flow or that of CSTR, respec-
tively. The recycle model in this case always implies that the sys-
tem will be at maximum mixedness (Rippin, 1967b). The
achievement of maximum mixedness is assumed to occur at the
point where the recycle stream is mixed with fresh feed. The
plug flow reactor (with R = 0 and J; = 1) is simultaneously
under the state of complete segregation and maximum mixed-
ness, and the CSTR (with R — « and J, — 0) is always at the
state of maximum mixedness.

A recycle reactor is not at maximum mixedness except when
the vessel has a RTD function corresponding to one or more pis-
ton flow elements in parallel. For other RTD’s the recycle reac-
tor will have an intrinsic but intermediate level of micromixing.
The generalized recycle reactor provides a two-parameter deter-
ministic model that may describe the intermediate levels of
micromixing for a given macromixing level. Tavare et al.
(1985b) modeled a configuration of an MSMPR crystalilizer
cascade with magma recycle in order to use it as a micromixing
model. In addition to the recycle model, other mutliparameter
flow models may also be considered as micromixing models.

Coalescence and redispersion models

In coalescence and redispersion models (CRM) as originated
by Curl (1963), micromixing in two-phase and/or miscible-fluid
systems is viewed as a stochastic process in which the reactor
volume is treated as an ensemble of fluid clumps which coalesce
randomly, two at a time, at some characteristic frequency that is
the mixing parameter of the model. The coalescence is followed
by instantaneous homogenization of property-like concentration
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and redispersion into separate clumps of the same composition.
Between interactions each clump is assumed to behave as a
batch vessel. The various available models differ in the method
of controlling the rate of mixing by coalescence and redispersion
and in locating the fluid elements within either a spatial frame
of reference or within a black box in which the location of a
clump is defined by coordinates determined by RTD. The model
parameter may be determined experimentally from either fast
reaction mixing limited data or measurement of tracer fluctua-
tions. One of the positive features of CRM is its analogy with the
theory of isotropic turbulence in order to characterize the model
parameter. The rigorous model description represented by an
integro-partial differential equation is difficult to solve. Approx-
imate analytical and numerical methods have been suggested
with a limited applicability. Monte Carlo simulation techniques
have also been used.

IEM (Interaction by Exchange with the Mean) models

In this type of model a typical clump is followed from its birth
at the feed inlet. The clump is assumed to act as a batch vessel
having uniform internal concentration and exchanging matter
with an environment whose concentration is taken to be the
mean concentration at any time of all the clumps in the vessel.
The average concentration of the vessel contents is determined
by summing the product of the age I(y) and concentration in the
clump at any time over all clumps (similar to Eq. 34). The con-
centration in a clump is not determined uniquely by the reaction
kinetics and macromixing, but also by the micromixing; there-
fore solution of the model equations requires an iterative proce-
dure. The model assumes that micromixing is characterized by a
single parameter termed the micromixing time constant. If the
micromixing time constant approaches zero the microfiuid and
the maximum mixedness limit is reached, while for infinity the
system is completely segregated and in a state of macrofluid.
The model parameter, the micromixing time constant, can
either be determined experimentally or predicted from the the-
ory of isotropic turbulence and is comparable to that of CRM.
However when the degree of segregation is high and the concept
of average concentration becomes less than realistic, the predic-
tions of the model differ considerably from those of CRM. The
process of turbulent erosion, where large clumps are gradually
peeled off and shrink in losing matter to produce a well-mixed
microfluid, can be modeled by the IEM model with different
process time constants (Villermaux and David, 1983).

Diffusion models

TEM models use a concept of external resistance to the segre-
gated element, and convective fluxes make the predominant
contribution to mass transfer. The model description uses ordi-
nary differential equations containing a single model parameter.
In the category of packet diffusion models the clumps have an
internal concentration gradient and mass transfer within the
segregated clump is considered to be the controlling mechanism.
Diffusive mass transfer is more significant than convection
because of small clump size. The shape of an element is usually a
well-defined geometry like a slab, cylinder, or sphere, and the
unsteady-state, one-dimensional diffusion equation without the
convective term but incorporating the reaction has been consid-
ered with two boundary conditions. In all these cases the shape
and size of the element have remained unchanged during diffu-
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sion and reaction, the model parameter being the size of ele-
ment. The packet diffusion models are versatile in that they can
treat any reaction scheme for a given reactor configuration and
can be used as an adjustable empirical model. The model
parameter representing the size of the element may be predicted
from the theory of isotropic turbulence. Recently, deformed
packet diffusion models have been used to account for the lami-
nar deformation of the reaction zone by shear or extensional
flow.

In lamellar mixing models the similarity in reactive mixing
between laminar and turbulent regions in small elementary vol-
umes in a Lagrangian frame is used. In this approach the flow is
modeled as a population of microflow elements in each of which
the instantaneous flow is homogeneous. Such elements exhibit a
lamellar structure whose component striations exchange matter
by molecular diffusion and reduce the thickness with time as a
consequence of uniform fluid deformation enhancing the diffu-
sion process. Over the microflow element the unsteady state dif-
fusion equation with reaction and convection terms is used.
Averages are introduced only late in the analysis, thus allowing
considerable flexibility in adjusting the degree of sophistication
of the mathematical description of the underlying process.
Lamellar mixing models provide an alternative approach to
modeling the complex interactions between local motion, molec-
ular diffusion, and chemical reaction in the mixing of miscible
reactive fluids.

Pohorecki and Baldyga (1983a, b) proposed using the spec-
tral interpretation of mixing in an isotropic turbulent field in
order to explain micromixing effects in homogeneous liquid
phase chemical reactors. The authors in their further work
(1983c) used the same model to evaluate the influence of the
intensity of mixing on the rate of precipitation in an agitated,
perfectly macromixed vessel. Baldyga and Bourne (1984b, c, d)
presented a micromixing model based on information from fluid
mechanics. The concentration spectrum indicates that molecu-
lar diffusion starts toward the fine-scale end of the viscous-con-
vective subrange and becomes dominant in the viscous-diffusive
subrange. Such small fluid elements are subject to laminar
deformation, and the one-dimensional diffusion equation is then
valid. The role of vorticity for small eddies in providing the
mechanism to form a laminar structure by engulfing the fluid in
their environment is important. Diffusion and reaction occur
within a deforming laminated structure temporarily trapped
inside the stretching vortices. Mixing brought about by these
periodic processes ends when the concentration is uniform at the
molecular scale.

Concluding Remarks

This paper constitutes a review of some of the important
work, mainly over the past three decades, on mixing and related
areas in continuous crystallizers. This accumulated effort has
now firmly established a formalized unifying approach of chem-
ical reaction engineering to the analysis of crystallization pro-
cesses. A comprehensive treatment of macro- and micromixing
applied to crystallization configuration has been presented with
due emphasis on the modeling efforts.

The approach considered here lays no claim to providing a
detailed physical insight into the interaction of mixing and crys-
tallization, but provides rather a means of evaluating and subse-
quently predicting performance for given crystallizer configura-
tions. The basis of the general technique is the use of a known
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crystallization system to evaluate the parameters of a model
that represents by simulation the performance obtained experi-
mentally from the crystallizer. To this more limited end the suc-
cess of any model must lie in its possessing mixing parameters
that are a function of the hydrodynamic conditions in the crys-
tallizer alone and that exhibit no correlation with crystallization
kinetic parameters. A complete set of experimental data and a
powerful parameter characterization technique would be neces-
sary to determine the model parameters and subsequently relate
them to crystallizer hydrodynamics.

Significant progress has been achieved with regard to the
problem of crystal size distribution and its many interactions
with design, analysis, and operation of crystallizers, but gaps in
our understanding still exist, particularly in the area of micro-
mixing. Results to date suggest that there is a need for simulta-
neous development in several areas, such as efficient algorithms
for model evaluation, reliable means for model characterization,
clever experimental designs for model verification, and simple
but powerful techniques for model discrimination. Such at-
tempts will certainly be useful in increasing our understanding
of mixing in continuous crystallizers.

Notation

Ay = total crystal surface area, m?/kg solvent
b = nucleation order
B = nucleation rate, number/s - kg solvent
¢ = concentration, kg/kg
c* = saturation concentration, kg/kg
Ac = concentration driving force, kg/kg
CV = coefficient of variation based on CSD
E(f#) = dimensionless residence time distribution function, dimen-
sionless exit age distribution
Ej = activation energy for nucleation, kJ/mol
E = activation energy for growth, kJ/mol
F(8) = dimensionless cumulative residence time distribution
younger than 8
g = growth rate order, dimensionless growth rate function
G = linear growth rate, m/s
H(8) = response of the system as a function of dimensionless age (or
time)
i = relative kinetic order (= b/g)
1(8) = dimensionless internal age distribution
J = index variable, exponent of magma density in nucleation
correlation
J = degree of segregation
k = dimensionless supersaturation generation rate, stage num-
ber
k, = area shape factor
k, = nucleation rate coefficient, number/(s
kg)’]
k, — growth rate coefficient, m/[s(kg/kg)*]
k, = volume shape factor
K = relative nucleation rate coefficient, no/(s -
ke)']
L = crystal size, m
m = parameter in breakage model
M = solid concentration, kg/kg
M (L) = solid concentration between L and L + dL, kg/kg
M; = magma density, kg/kg; dimensionless solid deposition rate
n = population density, number/kg - m
n° = nuclei population density, number/kg - m
p = Laplace transform variable with respect to dimensionless
time
Q(6) = arbitrary input function
R = dimensionless parameter in R-z crystallizer model equal to
ratio of withdrawal of fines at size L to MSMPR rate
R, = universal gas constant, kJ/mol - K
s = supersaturation ratio (= ¢/c*)

I

- kg(ke/kg)’ (kg/

kg(m/s)' (kg/
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S = fractional capacity of macrofluid, segregation level
1 = time, age, s
T = absolute temperature, K
V = solvent capacity, kg
var = variance
x = dimensionless crystal size (=L/G1)
y = dimensionless population density (=n/n°)
W = crystal mass, kg/kg
z = dimensionless parameter in R-z crystallizer model equal to
ratio of withdrawal of product at size L to MSMPR rate

Greek letters

a, B = model parameters in size-dependent growth rate models
ay, By, 8; = model parameters in classification functions

B, = breakage model parameter

v = 1+ (4/Pe)

A = dimensionless residence time and crystal size intensity func-

tion

6 - dimensionless residence time (=1/7); dummy variable

A\ = dimensionless classification function )

u; = jth moment of size distribution, number - m’/kg

£ = dimensionless residual lifetime

¢ = mass fraction of the distribution around the mean

Y = dimensionless age

p = dimensionless growth rate

p. = crystal density, kg/m’

o’ = variance

T = mean residence time, s

Subscripts

batch = value evaluated for batch case
¢ = crystallizer, crystal
¢s = complete segregation
C = threshold for classification
F, F1 = threshold for fines removal
i = inlet, initial
mm = maximum mixedness
p = product
P == point, clamp
s = solution
w = weight distribution

Superscripts

_ = derivative with respect to ¢

= mean or transformed quantity
" = quantity based on total solvent capacity of the crystallizer
~ = dummy variables
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